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The theory  of continuous Lie groups is used for  finding invar iant  solutions to the equation 
of sorp t ion  kinet ics ,  which desc r ibe  the m a s s  t r an s f e r  in a porous s y m m e t r i c a l  sorbent  
g ra in  cor responding  to a nonl inear  i so the rm,  and invar iant  solutions which desc r ibe  the 
m a s s  t r an s f e r  in a porous column with longitudinal s t i r r ing .  

Invar iant  solutions to par t i a l  d i f ferent ia l  equations which r e p r e s e n t  spec i f ic  solutions to individual 
p rob l ems  in a sma l l  pa r t i cu la r  c lass ,  const i tute one way toward obtaining va r ious  approximate  solutions to 
p rob l ems  i n  a l a rge r  genera l  c lass .  Thus,  invar ian t  solutions a re  widely used fo r  solving p rob lems  in 
gas  dynamic [1, 2], heat  and m a s s  t r a n s f e r  [3, 4], and other p rob l ems  contiguous to those.  In search ing  
for  invar ian t  solutions we will use the theory  of continuous Lie groups  [5-8]. Since this is a local theory,  
i t  is not poss ib le  by i ts  methods to find the solutions to speci f ic  p rob lems  with a r b i t r a r y  boundary condi- 
t ions (the groups  in this case  a re  v e r y  sma l l  and, essent ia l ly ,  yield t r iv ia l  solutions which are  of no 
in teres t ) .  In many  applications,  however ,  the diff icult ies  due to the nonl inear i ty  of par t ia l  d i f ferent ia l  
equations have resul ted  in a r a t h e r  wide use of individual speci f ic  solutions for  the analysis  of such appl i -  
cations.  

The sorpt ion  kinetics in s y m m e t r i c a l  g ra ins  of a porous undeformed medium can be descr ibed  by the 
equation of m a s s  t r a n s f e r  in d imens ion less  v a r i a b l e s  and by the equation of the sorp t ion  i so the rm:  

Oc ~ + Oq ~ O~c ~ v Oc ~ qO 
- -  - -  + , = f ( c  ~ (1 )  
Ot Ot Or 2 r Or 

with the s y m m e t r y  condition at the gra in  center  and with the ze ro  initial  and boundary conditions: 

Oc o . 
Or ]r=0 = 0 '  c~ t) 'r=l=c~ [ c ~  Oc~ t~) 

Or J r=X = CO (t). (2) 

Here  the f i r s t  boundary  condition co r r e sponds  to an infinitely high ra te  of m a s s  t r an s f e r  and the second 
boundary  condition co r re sponds  to a finite r a t e  of m a s s  t r an s f e r  at the outer  g r a i n  boundary.  

We note that t r ans ien t  nonl inear  f i l t ra t ion  of gas  through porous med ia  can be descr ibed  by an equa-  
t ion analogous to (1) [9]. The inf in i tes imal  ope ra to r s  X = ~(0/0t) + ~(0/Or) + T(O/0c ~ allowable in t e r m s  
of Eq. (1) will be found f r o m  the de termining  equation [7, 8]. In Table 1 are  l is ted va r ious  inf in i tes imal  
o p e r a t o r s  and, for  the m o s t  in te res t ing  case  1 < v < 2 encountered in their  applicat ions,  s i n g l e - p a r a m e t e r  
subgroups  of these ope ra to r s .  Fo r  a l inear  i s o t h e r m  q0 = kc 0 the subgroup X 1 + a X  4 yields  the solution 

~x-~) 
c~ t) = A e a t r  2 J(2~A) {~-a-r~r). By the way, this solution can be obtained by a sepa ra t ion  of va r i ab les .  

The subgroup X~ + a X  4 yields the automorphic  solution y = (1 + k)r2/4 t ,  

t ) = A t ( T - - y - ) e _ u ( 1 ) (  t - t - v+2a4  , l+v2  ' y 2 ) .  c~ (r~ 

F o r  an a r b i t r a r y  i s o t h e r m  q ~ = f(c ~ the ope ra to r  X 2 has the automorphic  solution y = r-2t,  
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d2c o ' d.O dc o 
~ 0 ~  dY 2 + \  3~V2y 4y 2dc~ = 0 ,  c~ = 0 ,  ~ -9  y~+~ 

c ~ (v)I~=~ = c o (t) = Co ( t ) .  
(3) 

This equation can be integrated numerically without difficulty, if it is reduced to an integral equation solv- 

able by the method of successive approximations. For the isotherm q = q~(c 0) (i +p) _ c o of the subgroup 

ozX i + X 4 we have y = t - c~ Inr, c~ t) = exp (-2t/ozp)L(y), while the subgroup ozX 2 + X 4 yields the auto- 

morphic solution y = r-St, c~ t) = t " ~v JL(y). For function L(y) we will obtain a nonlinear ordinary dif- 

ferential equation, after the preceding invariant solutions have been inserted into Eq. (I). For the isotherm 

q = qg[exp (bc ~ - I] - c o of the subgroup c~X i + X 4 we have y = t - cz Inr, c~ t) = exp (-2t/c~b)L(y); while 
�9 ~ - - 2  ' 

the subgroup c~X 2 + X 4 yields the automorphic solution y = r-C~t, c~ t) = t I~3-)L(y). 

On the basis of the automorphic invariant solutions, one can reduce the nonlinear equations to a sys- 

tem of linear (or less nonlinear) equations with an unknown shiftable boundary (the Lame-Clapeyron-Stefan 

problem) by approximating a nonlinear isotherm q0 = f(e 0) with a piecewise linear (or piecewise nonlinear) 

function [I0-12]. The validity of reducing the Stefan problem to a nonlinear parabolic equation has been dis- 

cussed in [13]. For the piecewise approximation of a nonlinear isotherm 

klc ~ 0 -.< c o --~. Cl, 

q (c~ = kl- 1 c~_i + ki c~ c~-I* ~" c~ ~ c'i, (4) 

k,~+~ c ~ c~ ~< c ~ (i = 2, 3, n); 

Eq.  (1) w i t h  a s h i f t a b l e  b o u n d a r y  b e c o m e s  a t  the  b r e a k  p o i n t s  Yl( t )  on s u c h  an  i s o t h e r m :  

OcO_ a~co ,, 0r " t 
( l + k ~ )  a[ Or 2 + -i- " -~-  ' v~_, ( ) .<_ r ~<y; (t), t > 0 .  (5) 

F o r  t he  z e r o  i n i t i a l  and  b o u n d a r y  c o n d i t i o n s  ( c o n c e n t r a t i o n  c o n t i n u i t y  and c o n c e n t r a t i o n  f l ow  at  the b r e a k  
p o i n t s  on  the  i s o t h e r m )  we w r i t e  

c~ t ) ] , = 0  = O, v" = = �9 , (t) lt=o 0 (i I, 2 . . . .  n), 

O(y;(t), t) o * [( l +ki+l ) Oc~ l) 
= q+~ (y~ (t), t), c~ 1 + k~ Or 

Oct~ (r, t) ] 
Or J r=u~*(O = O. 

F o r  p l a t e s  w h i c h  s i m u l a t e  g r a i n s  i n  a n  u n d e f o r m e d  m e d i u m  (v = 0) [14] w e  f ind ,  w i th  the  a id  of  the  s u b -  

g r o u p  X 2 - X 5 + aX6,  the  a u t o m o r p h i c  s o l u t i o n  Yi = V 1 + k~ (1 - r )  4t 

cO(r , t )=A~r 1 ~ )  ( ) " ~  ' 2 + B~y~r 3 - - 2 c r  3 __ y2 
' - -  ~ '  2 ' ' "  

(6) 

(7) 

(8) 

B y  v a r y i n g  the  a r b i t r a r y  p a r a m e t e r  ~ ,  one  c a n  m o d i f y  the  f u n c t i o n  c0(t ) i n  the  b o u n d a r y  c o n d i t i o n s  (2). F o r  
c0(t ) = c o = c o n s t  (o~ = 1 / 2 )  we o b t a i n  f r o m  (8) 

c~ (r, t) = Ai + B i err (Yi). (9) 

T a k i n g  i n t o  a c c o u n t  Cond i t i ons  (2) and  (6), we  f ind  

V (c h = const), coO = A~+I, 
t 

y~ (t) = 1 - -  2% I + k i 

(4  - @ 
B~+I - -  erf(a~7~) ' 

* * 5'* - -  C *  Ct - -  C i--I i i--1 
A i = c * - -  B i -~ , 

err (ai) - -  err ( % - x 7 , - 0  ' err (%) - -  err (a,_D,i_l) 

V #  1 ( i=2 ,  3 . . . . .  n), A t = - B ~ =  
+ ki+l c~ 

7i = 1 + k i erfc (al-------) " 

(10) 
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F r o m  conditions (7) we obtain a sys t em of t ranscendental  determining equations: 

% = o o ,  =.,+~ = 0 (c; = o, c ;+ ,  = c~), 

r c'--c" 7 ' [ c;+,-.c; ] 
| : " " - '  - | = ! e x p ( - - r 1 6 2  e r f ( a , + O _ e r f ( a , V , )  �9 7i exp ( - -  a~) [e r I  (%) - -  err (r J i 

(11) 

Solution (9) is valid for  shor t  t ime in tervals  t _ (1 + kl) and finite gra in  dimensions or for  any lengths 
of t ime and large grains (a - -  ~o), when the s y m m e t r y  condition (2) at the gra in  center  (r = 0) may be d is -  
regarded .  The s y m m e t r y  condition can be replaced he re  by the condition c~(r, t)[ r =0 = 0. For  grains  of 
finite dimensions this condition yields an es t imate  of the t ime after  which solution (9) becomes  valid. 

For  any time and for grains  of any dimensions with an a r b i t r a r y  s y m m e t r y  p a r am e te r  v (1 < v < 2) 

with the aid of the subgroup X 2 + aX4, the automorphic solution Yi = | ~ 1  + ki we obtain, r ,  
V 4t 

~- 4 ~ A~(I )  - 4 ' 2 4 ( r ,  t) = t ( ' - ~  Y ~ ) + ; B ~ Y ~ @ (  3 - v - 2 a ,  4 , __3--v2 ' - - ~ ) ] "  (12) 

Takingin toaccount  conditions (2) and (6), we obtain 

- , + , ,  ) , , + , ,  _ {-) 
lira 2 F1] = O, A l  = c~ t ~ 4 . F~_I, 
t--*O 

( i+v ~] 
At = t < W -  - Z". (c**_1 c~ H ; _ ,  - -  alc~_, / - / , )  

(ai_xF,H~*_l - -  aiH,Fi* l ) ' 

�9 (1 . , - . - ,  ) F ~ = (D + v - -  1 -+- - -  a2 " ~ ' 

( '+" ~' ) ( e L f  ~ - -  c~ F , _ O  
B~ t ' - Z - - - - - ~  ( a ~ _ ~ F ~ H L _ a ~ H i F . _ z  ), 

Hi  . (3--,--2a 3--v ~.) 
4 2 . 

' 2 

( t3)  

F r o m  the boundary conditions (7) follows 

4 " 

3+v --a~) 
2. ~ 

' 2 ' 

2 

3+v2 ' --c*i't'~) 

-}-Bi+~ [(a'v')-('+v) (~-~-)cD( 3-v-2a4 , __3--v2 ' --a2~) 

(14) 

F r o m  Eqs. (13) and (14) we obtain a t ranscendental  sys tem of equations for determining a i .  By va ry -  
ing the a r b i t r a r y  pa rame te r  ~, one can modify the function c0(t ) in the boundary conditions (2). 
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The sorption dynamics in a porous undeformed medium can be described by the continuity equation 

and by the equation of diffusive sorption kinetics [15]: 

Ou(z ' )c(z ' ,  t') + 6 0 q ( z ' , t ' )  0 [ Oc(z', t ' )]  Oc(z', t') + = - -  D'  (u) ~ z '  ' 
at' Oz' or' Oz' 

(15) 

where, according to [16-19], 

Oq(z', t',~ = f~ (u) [c (z', t') - -  f (q (z', t'))l, 
Or' 

(u) 
a 2 a 

+ 
(v + 1)(v + 3)D, (v +1)1~o (u) 

D' (u) = Dg + Dlu + D2u ~, 

(16) 

with the zero initial and boundary conditions 

c (Z', t')[~'=0 = c~ = const (frontal sorption dynamics) 

C (Z', t')]z'ffio ~--- ~o 6 (t) (e lu t ive  sorption dynamics) 

at c(z', t')lz,=o=c~ 

(17) 

(is) 

In o r d e r  to s e t  up cont inuous Lie  g roups ,  we wilt  s e e k  the fol lowing in f in i t e s imal  ope ra to r :  

0 0 0 0 
x =  ~ T + n-~z + ~-~-q + ~  o--T 

When u(z ')  ~ const ,  s y s t e m  (15)-(16) will  be r e w r i t t e n  in d i m e n s i o n l e s s  v a r i a b l e s :  

Oc Oc Oq _ O~c Oq _ c - -  f (q), 
o--7- + ~ -~z + ~-~ + 6 -o-t- - ~ Oz - z  ' o-7- - 

w h e r e  

g~ = - -  . - -  

t = [I (u) t', z = i f~ u(U) dz',  D = D' (u) ~ (u) u -1,  

0 

1 du D .~1 = 1 1 dD 
u d z  ' r u ' t~ dz = 1 - - % ~ p v  

(t9) 

S y s t e m  (19) for  an a r b i t r a r y  i s o t h e r m  q = f(c) allows a unique o p e r a t o r  0/Ot + w(0/Oz) (opera tor  of 
Gal i lean  t r a n s f e r  with the f r o n t  of the s o r p t i o n  wave t r ave l ing  at the ve loc i t y  w) at ~Pl, ~2, ~3 = const .  F o r  
such  an o p e r a t o r  the inva r i an t  so lu t ion  y = z - wt al lows us to r educe  (19) to the s y s t e m  

dc dq d2c dq = c - -  f (q), (20) 

c ( - - ~ ) = c ~ 1 7 6  q ( - - ~ ) = q ~ ,  c ( + e c ) = q ( + ~ ) = O ,  

dc = dq [ (21) ) O. 
dy dy / wJ: 

S y s t e m  (20) is compat ib le  only when ~1 = O. Consequent ly ,  no pa ra l l e l  t r a n s f e r  mode  ex i s t s  when u(z T) 
const. 

When u(z ')  = const ,  s y s t e m  (15)-(16) in d i m e n s i o n l e s s  v a r i a b l e s  b e c o m e s  

Oc Oc O q = D O~c Oq 
Ot + ~ z  + 6 0 t  Oz ~ ' Ot - - c - - f  (q)' 

[~ (u) z' D'  (u) ~ (a) t = ~ ( u ) t ' ,  z - -  , D - -  
U U 2 

(22) 
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TABLE 2. In f in i t e s imal  O p e r a t o r s  and S i n g l e - P a r a m e t e r  Subgroups  
Allowable in T e r m s  of Eq. (26) (q~, q0, q~, f0, vt, b = const)  

Arbitrary f 

[ =  fo exp(xq) 

[ = (l~b)qO +~ 

f _  q k 

o O 
x l = - ~ - ;  X~=O; x 3 -  Oz 

o o I O . x ~ =  o 
XI= ; X ~ = t ' ~ - - ' ~ - .  Oq' -~z 

O O q O a 
x , = w ;  x~ =t o7--;- "~;  x~= 

o o( 
0 o 0 

X~=&-z ; x a = ~  - ;  X,=q~q  

X1 + wX3 

XI + wXs; X~ + aX~ 

Xl + wX3; X~ + aXe 

X~; X2 + eX8 

X~ + X~; X1 + Xa; X, 

F o r  an a r b i t r a r y  i s o t h e r m  the s y s t e m  (22) allows a unique o p e r a t o r  a/Dt + w(0/0z) .  The inva r i an t  
so lu t ion  y = z - wt al lows us to r e d u c e  the s y s t e m  (22) of par t ia l  d i f fe ren t ia l  equat ions  to a s y s t e m  of o r -  
d i n a r y  d i f fe ren t ia l  equat ions .  Af te r  in tegra t ing ,  with condi t ions  (21) taken into account ,  we obtain  

dq cO (23) 
- -  w = c - -  [ (q), W = cO +/sqO' (1 - -w)  c + / s w q = D  dy ' dy 

It has  been  shown in [13] that,  when D = 0, s y s t e m  (22) with the boundary  condi t ions  (17) has an 
a sympto t i c  solut ion,  fo r  a convex i s o t h e r m ,  which is a s o r p t i o n  wave t r ave l ing  at the ve loc i t y  w. I t  can  
a l so  be shown that,  when D e 0, s y s t e m  (22) with the b o u n d a r y  condi t ions  (17) admi ts  a phys ica l ly  feas ib le  
so lu t ion  fo r  a convex i s o t h e r m ,  which is  a s o r p t i o n  wave.  

In some  appl icat ions  [13, 20, 21] one of ten uses  the approx ima te  s y s t e m  (15)-(16) at D ~ 0. A s y m p -  
to t ic  approx ima t ions  of the equat ions  of so rp t i on  d y n a m i c s  can be se t  up in another  way.  Indeed,  s ince  in 
the case  of e lut ive  so rp t ion  d y n a m i c s  (18) one c o n s i d e r s  the p ropaga t ion  of a 5 (t) pe r t u rba t i on  in a porous  
m e d i u m  ("d i spe rs ingn  5 (t) pe r tu rba t i ons  will  fol low a q u a s i - G a u s s i a n  d i s t r ibu t ion  cu rve  whose  shape is 
d e t e r m i n e d  by a g iven f i r s t  ini t ia l  and t h r ee  cen t r a l  momen t s ) ,  i t  s e e m s  r ea sonab l e  to use in the case  of 
a l inear  i s o t h e r m  the e x p r e s s i o n s  fo r  the m o m e n t s  as the a c c u r a c y  c r i t e r i a  fo r  the equat ions  in [16]. The 
equat ions  which have been  obtained fo r  a l inear  i s o t h e r m  can be gene ra l i zed  fo r  a nonl inear  one [16]. It 
can  be shown that,  in  the f i r s t  a sympto t i c  approx imat ion ,  s y s t e m  (15)-(16) is  - with r e s p e c t  to a c c u r a c y  
- equivalent  to the s y s t e m  

a__~_c -4-/5 a_q_q = o, a q = c -  f (q), (24) 
Oz Ot Ot 

w h e r e  
[~*z' z'g* 1 _ 1 k /SD' (u______)_ 

t = ~ * t ' - - - - ,  z = - - ,  
u . I~* 13 ( . )  u ~ 

or  to the equat ion  

ac Oc Oq a t  
O--t + ~z  • /5 at = az  ~ ' q = [ (c), (25) 

w h e r e  

t t'u~ z'u D* D' (u) ~- 
D* D* 

U 2 

/56 (u) 

S y s t e m  (24) y ie lds  the equat ion 

02q ,__ df Oq @ 6 0q =0 .  (26) 
OzOt dq Oz Ot 

In  Table  2 a re  g iven the in f in i t e s imal  o p e r a t o r s  and s i n g l e - p a r a m e t e r  subgroups  of these  o p e r a t o r s ,  
a l lowable in  t e r m s  of Eq. (26). F o r  a nonl inear  i s o t h e r m ,  the o p e r a t o r  of Gal i lean  t r a n s f e r  X 1 + wX 3 .has 
an inva r i an t  solut ion,  s ince  this o p e r a t o r  y ie lds  f r o m  (24) a compat ib le  s y s t e m  of equat ions .  The invar ian t  
so lut ions  fo r  a l inea r  i s o t h e r m  will  not be ana lyzed  he re ,  because  the cons t r a in t  p rob l em can in this ca se  
be solved by the R i e m a nn  method or  by means  of the Lap lace  t r a n s f o r m a t i o n .  F o r  a non l inea r  i s o t h e r m  
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f = (f0/n)  exp (~q), the subg roup  X 2 + ~X 3 y ie lds  the i n v a r i a n t  so lu t ion  y = t e x p  ( - z / c~) ,  q = - z / n c ~  + L(y), 

From (26) we find the ordinary differential equation for determining the function L(y): 

d~L dL 
b' - -  + [1 - -  6(z 4- Yfo exp (• + f o  exp (• = O, 

dy ~ ~ • 
(2s) 

(29) 

Condition (29) corresponds to the zero initial conditions. Equations (25) and (26) are valid for asymp- 
totically large time intervals and column lengths and, consequently, the invariant solutions to (28) and the 
analogous solutions which will be considered subsequently are the solutions to the constraint problems with 
conditions (27). One may consider in the first approximation, however, that the asymptotic solutions are 
weakly dependent on the form of the boundary conditions and the "ideal" step conditions (17)-(18) will be 
transformed so as to put the asymptotic solutions in the form (27). The choice of the arbitrary parameter 
oz makes various solutions feasible. 

A nonlinear isotherm f = (f0/(i + b))q( l +b) has the subgroup X 2 + ozX 3 which yields the invariant solu- 
tions y = texp (-z/a), 

q = e x p (  -'!lL(y)'a / c = e x p [  z (14-b ) ] (dL  ~y 4- L(~%)) ' 

dL fo L(1%) ~!~=o = -~-  4- I+--T 

and a corresponding equation for L(y) with the condition 

v-jy + i + -/-- 6~ + f0vLb + -V i~ ---- 0, 

lim[ dL -4- f~ L~1%, ] = O. 
t~o[ dt ' 14 -b  

(30) 

In Tab l e  3 a r e  g iven  the i n f i n i t e s i m a l  o p e r a t o r s  and s i n g l e - p a r a m e t e r  s u b g r o u p s  of t hese  o p e r a t o r s ,  
a l lowable  in t e r m s  of Eq. (25). F o r  an a r b i t r a r y  i s o t h e r m ,  Eq. (25) admi t s  the o p e r a t o r  X 1 + wX3, which 
c o r r e s p o n d s  to a p a r a l l e l  t r a n s m i s s i o n  of a s o r p t i o n  wave  at  the v e l o c i t y  w. F o r  the i n v a r i a n t  so lu t ion  y 
= z - w t  a t  a convex  i s o t h e r m ,  Eq.  (25) y ie lds  a f t e r  in t eg ra t ion :  

-1 
0 

4 
c o + 6r 

dc 
(1 - -  w) c + 6wq (c) 

The  i n t e g r a t i o n  cons tan t  Y0 is  found f r o m  the i n t e g r a l  v e r s i o n  of Eq.  (25). 

F o r  an i s o t h e r m  q = q~ - c / 6  + (q~/vtS) exp (vtc), the subg roup  X 2 + a X  3 y ie lds  the i n v a r i a n t  so lu t ion  
y = t e x p  ( - z / a ) ,  c = ( l / n )  l n y  + L{y), Clz =0 = (1/~t) i n t  + L(t), and, a cco rd ing ly ,  the equa t ion  and c o n -  
d i t ion  fo r  L(y): 

(31) 

2 d2L dL a ~ 
9 ~ 4- ~ [g (1 -- a) 4- q~ exp (• 4- - - •  q0~ (• = 0, 

lim[xl~tnt~o @L(t ) ]  = 0 .  

(32) 
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T A B L E  3. I n f i n i t e s i m a l  O p e r a t o r s  and S i n g l e - P a r a m e t e r  Subgroups  
A l lowab le  in  T e r m s  of Eq.  (25) 

Arbitrary q 

, c qO 
q = qo - -  - ~  + - ~  exp (~c) 

. c qo cO+O) 
q = qo - -  - -~  + 6 ( - ~ )  

q = kc 

0 0 
X~ = -~- ; X~ =0; X3 = ~ z  

0 0 1 0 0 
x, = ~-;  x~ --- t - ~  + ~-. o-T; x~= 

0 0 c 0 0 
= x ~ - - -  t ~ / -  + ~ �9 - - "  x ~ =  - -  X1 "~'~ ; 0c ' Oz 

a c O a 
XI = Ot 4 (l+6k) " a--~; X~= t -~- 

zO (zlt____Z____)o 
+ - ~ z  + c  ~ - - ~  + 4 0 + ~ )  0T ; 

o , ~ [ z t t  
Xa = t ~ - ~  + zt +c 2 2 

t ~- (l+6k) ] 0 
--  4 (1-}-6k) 4 z~ --0c ; 

X 4~- t-~z + e z 

O c O 0 
x ,  = a-T + ~ " T~ ; x ,  = ~ o-Y 

X l + w X s  

Xx+wX3; 
X~+~zX3. 

Xl+wXa; 
X2+aX3 

X1; X~; X a 
+X,+Xs; 

X~; X4; 

X4 + X6; 

Xs; Xl 
+ X , + X s  

+Xe; 

XI+Xs;  
X3+X~; 

XI+X~; Xs 

F o r  an i s o t h e r m  q = q ~ -  c / 5  + (q~ + b) )c(  1 +b) ,  the s u b g r o u p  X 2 + ~X 3 y i e l d s  the i n v a r i a n t  s o l u t i o n  
y = t e x p  ( - z  a ) ,  c = exp ( z / b ~ ) L { y ) ,  c] z =0 = L(t) ,  and the equa t ion  and cond i t ion  fo r  L(y): 

dy  ~ - -  d-g- qO(z~L b + g - - 1 - - a  + L V -~ ----- O, (33) 

L (0) = O. 

E q u a t i o n s  (28), (30), (32), and (33) a r e  i n t e g r a b l e  without  d i f f i c u l t y  o r  s o l v a b l e  in  v a r i o u s  a p p r o x i -  
m a t i o n s .  

c~  t) 
q~  t) 
t = t ' D i / a 2 ;  
r = r t / a ;  

t', r' 

�9 t = D i / a f i o ;  
C 

U 

5 = % / ( v  - 1); 
60 = (I - ~ ) / ~ ;  

q 
D t 

D i 
kl, k2 
k =  k l / l ~ ;  
P 

5 (t) 
(t) 

N O T A T I O N  

i s  the  c o n c e n t r a t i o n  of a s u b s t a n c e  ( so rba te )  i n s i d e  a p o r o u s  g r a i n  of a s o r b e n t ;  
i s  the c o n c e n t r a t i o n  of a s u b s t a n c e  a d s o r b e d  by  the i n n e r  s u r f a c e  of a p o r o u s  g r a i n ;  

a r e  the d i m e n s i o n a l  i n d e p e n d e n t  v a r i a b l e s ;  

i s  the  c o n c e n t r a t i o n  of  s o r b a t e  in  the  s t r e a m ;  
i s  the s u p e r f i c i a l  f low v e l o c i t y ;  

i s  the  f r a c t i o n  of the f r e e  c o l u m n  s p a c e  f i l l ed  wi th  g r a n u l a r  s o r b e n t  g r a i n s ;  
i s  the c o e f f i c i e n t  of ( ex te rna l )  m a s s  t r a n s f e r  at  the o u t e r  s u r f a c e  of a s o r b e n t  g r a i n ;  
i s  the m e a n - o v e r - t h e - g r a i n  c o n c e n t r a t i o n  of the a b s o r b e d  s u b s t a n c e ;  
i s  the  d i s p e r s i o n  f a c t o r  accoun t ing  fo r  the l ong i t ud ina l  s t i r r i n g  e f fec t ;  
i s  the  d i f f u s i v i t y  i n s i d e  n a r r o w  c h a n n e l s  of a s o r b e n t  g r a i n ;  
a r e  the s o r p t i o n  and d e s o r p t i o n  c oe f f i c i e n t ,  r e s p e c t i v e l y ;  

i s  the  s y m m e t r y  p a r a m e t e r  (v = 2 fo r  a s p h e r e  wi th  a r a d i u s  a;  v = i fo r  a c y l i n d e r  wi th  
a r a d i u s  a ,  v = 0 fo r  a p la t e  wi th  a t h i c k n e s s  2a); 
i s  the  d e l t a  func t ion ;  
i s  the  u n i t - s t e p  func t ion .  
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